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The unphysical nature of the SL(2,R) symmetry and its associated condensates in
Yang-Mills theories
Mboyo Esole and Filipe Freire
Instituut-Lorentz, Universiteit Leiden, P.O. Box 9506, 2300 RA Leiden, The Netherlands
BRST cohomology methods are used to explain the origin of the SL(2,R) symmetry in Yang-Mills
theories. Clear evidence is provided for the unphysical nature of this symmetry. This is obtained
from the analysis of a local functional of mass dimension two and constitutes a no-go statement for
giving a physical meaning to condensates associated with the symmetry breaking of SL(2,R).
PACS numbers: 11.15.-q
In recent years there has been a growing interest in con-
densates of functionals of mass dimension two in SU(N)
Yang-Mills (YM) theories in four dimensions involving
ghost fields [1, 2, 3]. The condensates are signaled by non-
vanishing expectation values of the functionals. These
studies have been done in the maximal Abelian (MA)
gauge and the generalized Lorentz or Curci-Ferrari (CF)
gauge and were motivated by the prospect that these con-
densates may control the infrared divergences in pertur-
bation theory and consequently shed light on the origin
of the mass gap for the gluon excitations.
The interest in condensates involving ghosts goes back
to the suggestion that ghost-antighost pairs condense in
the MA gauge following the symmetry breaking of a
global SL(2,R) symmetry of the gauge-fixed action [1].
Also in the CF gauge the breaking of an SL(2,R) symme-
try has been associated with ghost condensates [3]. The
mass generated by this condensation scenario was later
shown to be tachyonic [4]. The origin and physical rele-
vance of the links between the condensates, the gauges
used and the SL(2,R) symmetry remained unclear.
It has then been suggested that in SU(N) YM the
mass dimension two local functional
A0 =
∫
dnx ( 1
2
BAµB
Aµ+αCACA), A = 1 · · · N2− 1, (1)
might play an important role in the mass generation for
gluons because it is “BRS-closed” [2]. In (1) BAµ is the
gauge potential, CA and CA are, respectively, the ghost
and antighost fields and α is a gauge-fixing parameter.
By local it is meant that the functional depends on the
fields and a finite number of their derivatives all of which
are evaluated at the same point in space-time.
In this letter we use BRST cohomology methods in the
Batalin-Vilkovisky (BV) antifield formalism [5, 6, 7, 8]
to explain the links between the functional A0, the CF
gauge and the SL(2,R) symmetry. It is important to
realize that BRST cohomology though it is a perturba-
tive method can provide important information on non
perturbative phenomena. This is well illustrated in the
classification of anomalies [8]. Like anomalies, the forma-
tion of condensates is associated with symmetry break-
ing. The difference here is that BRST cohomology is used
to study the physical relevance of the broken symmetry
associated with the condensate. For convenience, we use
the terminology BRST only for the s-transformations in
the antifield BV formalism while BRS is used for the
original Becchi-Rouet-Stora transformation [9].
We present a clear picture of why no physical con-
tent should be attributed to condensates linked to the
breaking of SL(2,R), e.g., 〈fABCCBCC〉, 〈fABCCBCC〉
and 〈fABCCBCC〉 [3]. This is obtained by studying the
local functional A0 given by (1). We note that A0 is de-
fined without specifying any particular gauge, but it is
known that it is only in the CF gauge that A0 is BRS and
anti-BRS closed modulo the equations of motion (EOM)
of the gauge-fixed action. However, this does not imply
the existence of an observable associated to A0. Indeed,
for local functionals the on-shell BRS invariance must be
supplemented by appropriate conditions that guarantee
the isomorphism between the cohomology of the on-shell
BRS symmetry and the BRST operator [10, 11]. It fol-
lows from [11, 12] that the non-existence of a local ob-
servable associated to an on-shell (anti-)BRS closed local
functional is due to global symmetries of the correspond-
ing gauge-fixed action. ForA0, these symmetries are asso-
ciated to the non-diagonal generators of SL(2,R). These
generators can not have any physical meaning in YM
as they always involve trivial elements of the cohomol-
ogy [8]. Therefore, condensates associated to the symme-
try breaking of SL(2,R) can not be linked to the mass
generation in YM contrary to the suggestions in [3, 13].
Before starting our study of A0 we summarize the
salient features of the BV formalism in the context of
YM theories [5, 6, 7, 8]. The antifield formalism starts
by enlarging the original space to contain not only the
gauge fields BAµ and the ghosts C
A, but also sources
for their BRST variations [14] denoted respectively by
B∗µA and C
∗
A. They are the antifields in the BV formal-
ism and each of them has a Grassmann parity opposite
to the corresponding field. An odd symplectic struc-
ture ( . , . ) called the antibracket is defined on the ex-
tended phase space, so that the fields Φi = {BAµ , C
A} are
canonically conjugate to the antifields Φ∗i = {B
∗µ
A , C
∗
A}
in the sense that (Φi,Φ∗j ) ≡ δ
i
j . The antibracket is ex-
tended to any functionals A =
∫
dnxa and B =
∫
dnx b,
as (A,B) =
∫
dnx ( δ
Ra
δΦi
δLb
δΦ∗i
− δ
Ra
δΦ∗i
δLb
δΦi
), where δ
L,R
δz
, de-
note respectively left and right Euler-Lagrange deriva-
tives. In the context of the gauge independent formu-
lation no antighosts or auxiliary fields are needed. The
2classical action S0 is extended to a local functional S,
which includes terms involving ghosts and antifields and
is a proper solution of the master equation (S, S) = 0.
This equation contains all the information about the ac-
tion, the infinitesimal gauge transformations and their
algebra. For YM the minimal proper solution is
S = S0 +
∫
dnx (B∗µA D
AB
µ C
B + 1
2
C∗Af
ABCCCCB) , (2)
where S0 is the YM action, f
ABC are the gauge group
structure constants and DABµ = δ
AB∂µ − f
ABCBCµ .
The BRST operator is canonically generated by S
through the antibracket in the sense that sA = (S,A).
To analyze the BRST cohomology different gradings
are introduced [6, 8]: the antifield number (antif), the
pureghost number (puregh) and the usual (total) ghost
number (gh). They are given by, antif(Φi) = 0,
antif(B∗µA ) = 1, antif(C
∗
A) = 2, puregh(B
A
µ ) = 0,
puregh(CA) = 1, puregh(Φ∗i ) = 0. The ghost number is
gh = puregh− antif and clearly gh(S) = 0. The assign-
ment of an antif to each variable is an important feature
of the formalism [10, 15] that will play a central role later.
For a given S, the BRST differential s can be expanded
according to the antifield number [6, 15, 16, 17]. In the
case of YM (2) we have
s = δ + γ , (3)
where δ decreases antif by one and γ leaves it unchanged.
δ is known as the Koszul-Tate differential and is related to
the EOM of S0 [6, 16, 17], while γ measures the variation
of functions or functionals along the gauge orbits and it
reduces to the usual off-shell BRS transformation when
it acts in the space of fields Φi. For s to be nilpotent,
we must have δ2 = γ2 = δγ + γδ = 0. The differential
δ acts only non-trivially on the antifields. Due to the
choice of antif it gives the EOM when it acts on B∗µA , i.e.,
δB∗µA = δS0/δB
A
µ , while when it acts on C
∗
A it gives δC
∗
A =
DABµ B
∗µ
B which ensure the acyclicity of δ, i.e., Hn>0(δ) ≡
0. This property is central to the computation of the
BRST cohomology [8, 15, 17]. δ implements the EOM
in its cohomology in the following sense. A functional F
vanishes when the EOM of S0 hold if and only if it can
be written as a δ-exact term F = δG, for some functional
G. Then F is said to vanish on-shell (w. r. t. S0) and we
denote it by F ≈ 0. Changing the antif of the variables
may alter the acyclic property of δ and the EOM[10, 12]
that are implemented in the cohomology and therefore
the observables of the theory.
In the BV formalism, a change of gauge corresponds
to a canonical transformation [5, 7] using the freedom to
add an exact term (S,Ψ) =
∫
dnx sΨ to the solution of
the master equation. Then, S → SΨ with
SΨ = S − (S,Ψ) = S[ Φi = Φ′i,Φ∗i = Φ
′∗
i +
δΨ
δΦi
], (4)
where Ψ is the gauge-fixing fermion which must have
gh(Ψ) = −1 as the antibracket increases gh by one. The
antifield-independent part of SΨ is the “gauge-fixed” ac-
tion SΨ0 . The Ψ’s of interest are those that completely
fix the gauge freedom. To construct Ψ it is necessary to
extend the phase space to include non-minimal variables
{CA, bA} and their respective antifields. The C’s have
the necessary negative gh and are the familiar antighosts
of gauge-fixed actions and should not be confused with
C∗, the antifield of the ghost. These variables are triv-
ial in the BRST cohomology, i.e., sCA = bA, sbA = 0,
sb∗A = −C
∗
A and sC
∗
A = 0. To implement these transfor-
mations a new term −C∗Ab
A is added to S in (2).
Let sΨ be the BRST transformation generated by S
Ψ,
sΨA = (S
Ψ, A). Since SΨ is obtained from S by a canon-
ical transformation the cohomology of s and sΨ are iso-
morphic. However, this isomorphism is only guaranteed
in the space of local functionals as long as all antifields
are kept. For YM,
SΨ = SΨ0 +
∫
dnx (B′∗µA γΨB
Aµ+ C′∗A γΨC
A−C′∗Ab
A) (5)
where SΨ0 = S0+
∫
dnx ( δΨ
δBAµ
γΨB
Aµ+ δΨ
δCA
γΨC
A− δΨ
δCA
bA)
is a function of BAµ , C
A, CA and bA. The more familiar on-
shell BRS transformation in a fixed gauge specified by Ψ
is defined in this formalism by sBRS(Φ
i) = sΨ(Φ
i)|Φ∗
i
=0.
It corresponds to a global symmetry of the gauge-fixed
action SΨ0 and therefore does not require the full antifield
formalism and should not be confused with sΨ.
Finally, we discuss the determination of the set of in-
tegrated observables, i.e., on-shell gauge invariant func-
tionals [6, 18, 19]. Let A = A(Φi,Φ∗i ) be a local func-
tional with gh(A) = 0. If A is BRST closed, sA = 0,
by expanding it according to antif , A = A0 +
∑
k≥1 Ak,
with antif(Ak) = k, we have γA0 + δA1 = 0. Hence,
γA0 vanishes on-shell (γA0 ≈ 0 w. r. t. S0) [17]. As for
the converse, if γA0 ≈ 0 w. r. t. S0 then there exists a
BRST-closed functional A, sA = 0, with an antifield in-
dependent part that equals A0. In this case, A is called
a BRST-closed extension of A0. This is a very useful
property [19] as it means that a given BRST cocycle A is
completely determined by its antifield independent part
A0. Therefore, the set of local gauge invariant function-
als can be determined by the cohomology of the off-shell
BRS operator γ modulo the EOM for the gauge invariant
action S0 (sA = 0 ⇐⇒ γA0 ≈ 0).
One would wish that similarly, the cohomology of the
on-shell BRS differential can be used directly to iden-
tify the on-shell gauge invariant operators. However, as
first noticed by Henneaux [10], this is not the case in
the space of local functionals as it requires extra condi-
tions [11]. Indeed, in a given gauge Ψ, there is no guar-
antee that a generic local on-shell BRS-closed functional
A0 (sBRSA0 ≈ 0 w. r. t. S
Ψ
0 ) with gh(A) = 0 possesses a
BRST-closed extension A. Hence, we have to check ex-
plicitly for eachA0 whether it is possible to find the terms
Ak≥1, that make its extension BRST closed, sΨA = 0.
Whenever we have a BRST extension of an on-shell
BRS closed local functional A0(Φ) in a given gauge, then
in any other gauge Ψ there is an on-shell BRS-closed
functional which corresponds to A0 and can be written
as AΨ(Φ) = A(Φ,Φ
∗ = δΨ
δΦ
). This illustrates the advan-
3tages of the antifield formalism as it enables us to study
the observables of a gauge theory in a manifestly gauge
invariant way. Furthermore, Φ∗ = δΨ
δΦ
provides a “dictio-
nary” to interpret the results in any given gauge Ψ.
Next, we focus on an explicit study of A0 given by (1).
Using Stokes’ theorem, local functionals can be identified
with their integrands modulo total divergences [8]. Here-
after, we denote the integrand of A0 by a0. Using the
BRST symmetry, we show that A0 is not gauge invariant
and cannot even be extended to an on-shell gauge invari-
ant local functional (w. r. t. S0). Now, A0 =
∫
dnxa0
is BRST closed if and only if it can be extended to
A =
∫
dnxa in such a way that it satisfies the condition
sa+ dm = 0, (6)
where a =
∑
k≥0 ak with antif(ak) = k and dm is the
exterior derivative of some form m. However, a0 cannot
be extended to satisfy (6). This would have implied that
γa0 ≈ 0, but it follows from the integrand of (1) that
γa0 = ∂
µ(CABAµ ) + ∆a0, (7)
where ∆a0 = −C
A(∂µBAµ −αf
ABCCBCC+αbA). Clearly,
this last term does not vanish modulo the EOM of the
gluons and it is not a total derivative because its Euler-
Lagrange derivatives do not vanish (see Theorem 4.1
of [8]). Hence, A0 does not have a BRST-closed extension
because of the “obstruction term” ∆a0 of antifield num-
ber zero. Next, we look at the possibility of deforming
the theory in order that ∆a0 vanishes modulo the modi-
fied EOM. This can be achieved if in the new action, the
EOM for the auxiliary field bA are taken to be
∂µBAµ − αf
ABCCBCC + αbA = 0 . (8)
These equations constrain the fields BAµ and completely
fix their gauge freedom. Therefore, the deformation we
are seeking is a gauge fixing procedure. In fact, the EOM
(8) can only be obtained if we choose
Ψ = CA(∂µBAµ −
1
2
αfABCCBCC + 1
2
αbA) . (9)
This is the gauge-fixing fermion that corresponds to the
CF gauge. Hence, it is only in this gauge that A0 is on-
shell BRS closed with respect to the gauge-fixed action.
The restriction to work in a specific gauge is a natural
consequence of the gauge dependence of A0. This has
been a serious cause of confusion in the literature on the
gauge invariant status of A0.
Some care has to be taken on how to interpret this
deformation [12]. This is not simply a canonical trans-
formation in the sense of (4) where the theory remains
YM. As we need to use explicitly the EOM of the aux-
iliary fields, the new deformed theory is to be seen as a
theory where ghosts and antighosts have now their own
dynamics, which is governed by the action SΨ0 that now
plays the role of a “classical action” (5). The EOM of
{C, C, b} can be implemented in the cohomology with a
new choice of antifield number, say antifΨ, such that
antifΨB
∗µ
A = antifΨC
∗
A = antifΨC
∗
A = antifΨb
∗
A = 1 [10].
We re-emphasize that it is the BRST operator s together
with the original antif grading that is relevant for ques-
tions about gauge invariance and renormalization of local
operators [8].
In order to have a better understanding about what
prevents A0 to be gauge invariant, we now try to con-
struct its BRST-closed extension [10] by assuming that
the extension exists, sΨA = 0. In line with (6), we have
for the integrand sΨa + dm = 0. This equation can be
decomposed into a system by inserting the expansions in
antifΨ, sΨ = δΨ + γΨ, a =
∑
k≥0 ak and m =
∑
k≥0mk,
as the resulting terms at each order in antifΨ must vanish
separately providing a method of solving it iteratively.
The first two lowest order non-trivial equations are
γΨa0 + δΨa1 + dm0= 0 , (10)
γΨa1 + δΨa2 + dm1= 0 . (11)
From (11) and by using the nilpotency of δΨ and δΨd +
dδΨ = 0 we see that γΨa1 is δΨ-closed modulo d, i.e.,
δΨ(γΨa1) = d(δΨm1). Moreover, by re-expressing (11)
as γΨa1 = δΨ(−a2) + d(−m0), γΨa1 is indeed δΨ-exact
modulo d. Therefore, γΨa1 must be a trivial element of
the homology of δΨ in the space of local functionals.
With this necessary condition for a1 in mind we now
try to extend A0 given by (1). From (7) and (10) it
follows that δΨa1 = C
A(∂µBAµ − αf
ABCCBCC + αbA).
As δΨ acts only on the antifields, δΨa1 must be a linear
combination of the gauge-fixed EOM. In this case the
only possibility is to invoke the EOM of bA, δΨb
′∗
A =
δSΨ
0
δbA
,
given by (8), where b′∗a are the antifields in the base Ψ
as in (4). This is achieved with the choice of antifΨ
mentioned above. Therefore we have a1 = −C
Ab′∗A and
−γΨa1 =
1
2
b′∗Af
ABCCBCC + C
′∗
AC
A. (12)
The r. h. s. of (12) does not involve any derivatives of
the fields {Aµ, C, C} so it can not be δΨ-exact as required
for the extension to exist. Thus, we conclude that (12)
constitutes an obstruction for A0 to be extended into
a local BRST-closed functional of sΨ. In fact, γΨa1 in
(12) is a non-trivial element of the homology of δΨ with
antifΨ=1 and therefore δΨ mod d is no longer acyclic.
There is a global symmetry of the gauge-fixed action
associated to the obstruction (12). From the r. h. s. of
(12), we easily identify the generators of the symmetry as
they couple linearly to the antifields. Indeed, any linear
function of the antifields is naturally viewed as a tangent
vector to field space [17, 20]. The generator of this global
symmetry is
1
2
fABCCBCC δ
L
δbA
+ CA δ
L
δCA
. (13)
In the BV formalism a more familiar way to arrive at this
symmetry is to express it as canonically generated in the
antibracket, i.e., δˆτ (Φ
i) = (τ,Φi) with τ given by (12). δˆτ
4is one of the two non-diagonal generators of the SL(2,R)
symmetry of the gauge-fixed action (5). The functional
A0 is also on-shell invariant for the anti-BRS transforma-
tion s¯Ψ in the CF gauge. If we attempt to extend A0 into
the cohomology of s¯Ψ [21] we also find an obstruction, in
this case it corresponds to the infinitesimal symmetry
1
2
fABCCBCC δ
L
δbA
+ CA δ
L
δCA
, (14)
which is the other non-diagonal generator δˆτ¯ of the
SL(2,R) symmetry, with τ¯ = 1
2
b′∗Af
ABCCBCC + C′∗AC
A.
The third generator, δˆFP , is diagonal and is given by
the commutator [δˆτ , δˆτ¯ ] of the two non-diagonal genera-
tors. δˆFP is the generator of the ghost number which is
trivially a global symmetry of the gauge-fixed action as
gh(SΨ0 ) = 0.
Even if the auxiliary fields are replaced by their EOM,
the obstructions are still present. They will only involve
the ghosts and the antighosts ( δˆτ → C
A δ
L
δCA
, δˆτ¯ → C
A δ
L
δCA
and δˆFP → δˆFP ), but their algebra will still be SL(2,R).
The analysis of that case is found in the work of Brandt
[12] where the CF mass term (1) has been studied from
the perspective of the deformations within the extended
BRST formalism which implements not only the gauge
but also the global symmetries of a given action [22]. In
this context, the introduction of the CF mass term leads
to the loss of nilpotency of the on-shell (anti-)BRS opera-
tor due to the modification of the EOM. More explicitly,
s2
BRS
= δˆτ 6= 0 and s¯
2
BRS
= δˆτ¯ 6= 0. This is also linked to
the lost of unitarity of the resulting theory [12].
To summarize, A0 is on-shell BRS and anti-BRS in-
variant only in the CF gauge, but if we try to extend
this property to any other gauge we encounter obstruc-
tions that are global symmetries of the gauge fixed ac-
tion. More precisely, the obstructions (13) and (14) to
the local extension A of A0 to be, respectively, BRST
and anti-BRST closed, are two of the three generators of
SL(2,R). These obstructions are not symmetries of YM
as they do not involve gauge fields of S0 and their exis-
tence is only associated to the specific choice of the gauge-
fixing where A0 is on-shell BRS closed, namely the CF
gauge. In fact, the SL(2,R) generators δˆτ and δˆτ¯ (13,14)
that constitute the obstruction always involve variables
of the non-minimal sector of the phase space. Hence,
these symmetries are trivial for YM [8, 17] and therefore
can not be of any physical relevance. As SL(2,R) is not
a symmetry of YM there is no physical justification to
impose to the quantum theory Ward identities associ-
ated with it [3]. The expectation that there is a physical
meaning attached to the symmetry breaking of SL(2,R)
by ghost condensates loses all its support in view of this
analysis. We also note that as A0 is not on-shell (BRST)
gauge invariant it can not be used as a mass term to be
added to the action.
The SL(2,R) symmetry was originally discovered in
the gauge-fixed action for the MA gauge [1]. A similar
analysis to the one presented here, can be done by con-
sidering the operator A˜0 =
∫
(1
2
BaµB
aµ + αCaCa), i.e., A0
restricted to the contribution from the off-diagonal fields.
We have also checked that if we set α = 0 in (1), Landau
gauge, we encounter the same obstruction.
Finally, we point out that the on-shell BRS invariance
of A0 does not correspond to a residual U(1)
N−1 sym-
metry due to a partial gauge fixing as claimed in [23]
as there is no gauge freedom left in the CF gauge. The
broader implication of our result is that mass generation
in YM can not be linked to the condensation of the local
functional A0 of dimension two.
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